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A �-model BGK scheme for compressible multi�uids
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SUMMARY

We present a �-model BGK scheme for the numerical simulation of compressible multi�uids. The
scheme is based on the incorporation of a conservative �-model scheme given in (J. Comput. Phys.
1996; 125:150–160) into the gas kinetic BGK scheme (J. Comput. Phys. 1993; 109:53–66, J. Comput.
Phys. 1994; 114:9–17), and is simple to implement. Several numerical examples presented in this paper
validate the scheme in the application of compressible multimaterial �ows. Copyright ? 2004 John
Wiley & Sons, Ltd.
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directional splitting

1. INTRODUCTION

In this paper we present a �-model BGK scheme for compressible multi�uids by incorporating
a �-model scheme [1] and the gas kinetic BGK scheme given in References [2–4].
In the past years the development of gas kinetic schemes for the simulation of compress-

ible �uids has attracted much attention and signi�cant progress has been made. In the gas
kinetic theory, the Euler and compressible Navier–Stokes equations can be derived from the
Boltzmann equation using the zero and �rst-order Chapman–Enskog expansion. The Euler and
compressible Navier–Stokes equations can be theoretically obtained also by solving the sim-
pli�ed Bolztmann equation, i.e. the Bhatnagar–Gross–Krook model [5, 6]. In term of the gas
kinetic representation, all �ow variables are moments of a single particle distribution function.
In the class of schemes called Boltzmann-type schemes (see e.g. References [7–18]), the free
transport equation or the collisionless Boltzmann equation is solved in the gas evolution stage
for the �ux evaluation, then the collision part is implicitly implemented inside each cell. Based
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164 S. JIANG AND G. NI

on a collisional BGK model, Xu and Prendergast [2, 3] in 1993/1994 proposed a gas kinetic
BGK scheme. The BGK scheme di�ers from the Boltzmann-type schemes mainly on the in-
clusion of particle collisions in the gas evolution stage. Instead of solving the collisionless
Boltzmann equation, the BGK scheme uses a collisional BGK model in the numerical �ux
evaluation. Since the gas evolution process is a relaxation process from a non-equilibrium state
to an equilibrium one, the entropy condition is always satis�ed by the BGK scheme. Moreover,
due to its speci�c governing equation, the BGK scheme gives the compressible Navier–Stokes
equations in smooth regions, and provides a delicate dissipative mechanism, which is con-
trolled by the pseudo-particle collision time and the intrinsic collisional model, to get a stable
and crisp shock transition in non-smooth regions. After the introduction of the BGK scheme,
there has been continuous and further development in this area, see References [19–23]
on compressible multicomponent �ows, References [24, 25] on magnetohydrodynamics, and
References [26, 27] on the BGK scheme on unstructured meshes and a discontinuous Galerkin
BGK method, and among others.
Over the past decades, signi�cant progress has been made in the development of Eulerian

numerical schemes for compressible multimaterial �ows associated with discontinuities and
shock waves, and a number of schemes have been proposed in the literature. Among them
are methods, which use an extended conservative system of governing equations in which
additional conservation equations are introduced to the original �uid equations to describe the
conservation of parameters such as the level set functions, the mass fractions and the ratio of
speci�c heats (�-model) in the mixture, see e.g. References [1, 28–40] and among others. In
order to maintain pressure equilibrium and the mass fraction positivity, and eliminate spurious
oscillations and other computational inaccuracies near mass interfaces which are observed in
these conservative methods References [1, 35, 40, 41], several non-conservative approaches to
capture the contact discontinuities using an additional non-conservative governing equation
are proposed [1, 41–48]. Recently, Xu and Lian [22, 23] presented a gas kinetic BGK scheme
for multicomponent �uids. The basic idea in References [22, 23] is that time evolution of
each component is governed by a BGK model with its own equilibrium state, and then, all
the usual steps solving single component by the gas kinetic BGK method are used to each
component, and the equilibrium states of both components are coupled in space and time due
to the momentum and energy change in the course of particle collisions, and the common
variables in the equilibrium states are the macroscopic velocity and temperature.
Our goal in this paper is to incorporate a developed multimaterial numerical method into the

BGK scheme to propose a new gas kinetic BGK scheme for the simulation of compressible
multi�uids. In view of the framework of the BGK scheme and the process recovering the
original equations by using local equilibrium states, for the multimaterial numerical methods
mentioned above, the extended equations of conservation form, which govern the motion of
interfaces, can (easily) be incorporated in the BGK scheme. Hence, in this paper we shall
combine the BGK scheme with the �-model in Reference [1] to present a so-called �-model
BGK scheme, where the interface of two materials with di�erent speci�c heat ratios (�) is
considered to be a contact discontinuity of �. Compared with Xu and Lian’s scheme [22, 23]
for which one needs to solve two BGK-models, the scheme of this paper is computationally
cheaper, since only one BGK-model needs to be solved here. It should be pointed out here
that the level set method can also be combined with the BGK scheme when the speci�c
heat ratios of two materials are the same (cf. Reference [49]), while for di�erent speci�c heat
ratios, the level set method ([29], also cf. Reference [40]) cannot be easily incorporated in the
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A �-MODEL BGK SCHEME 165

BGK scheme, because in this case it utilizes a transition function to transfer the two di�erent
speci�c heat ratios into the same one, and consequently, changes the constitutive equation of
the pressure that cannot be easily recovered by using an appropriate local equilibrium state.
The paper is organized as follows. In Section 2, we derive the two space-dimensional

�-model BGK model for multi�uids, and the one-dimensional model can be derived in the
same manner. In Section 3, we give the algorithm formulation for the BGK model, and in
Section 4 some numerical examples are presented to illustrate the availability and robustness
of the scheme.

2. �-BASED BGK MODEL

In this section, we derive the �-based BGK model in two-space dimensions. In Reference [1]
Abgrall introduced a �-model non-conservative approach to capture contact discontinuities of
two �uids using an additional non-conservative governing equation for the speci�c heat ratio
� in two-space dimensions,
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where U and V are the macroscopic velocities in x and y directions, respectively. According
to the analysis in Reference [1], this kind of Equation (1) can get correct pressure near the
interface, while an earlier �-model scheme [39, 40] uses � instead of 1=(� − 1) and results in
pressure non-equilibrium. Equation (1) can be easily written in the conservation form, using
the conservation law of mass,
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In the sequel, we add (2) to the Euler equations and discuss the corresponding BGK model
from which the Euler equations coupled with (2) can be recovered. The BGK model in
two-space dimensions can be written as (see e.g. Reference [4]),

ft + ufx + vfy=
g − f

�
(3)

where f is the gas distribution function and g is the equilibrium state approached by f,
(u; v) is the particle velocity, both f=f(x; y; t; u; v; z) and g= g(x; y; t; u; v; z) are functions of
x; y; t; u; v and the internal variable �; z, here the internal variable z is related to �, the particle
collision time � is related to the viscosity and heat conduction coe�cients. The equilibrium
state is the Maxwellian distribution,

g=�
(
�
�

)(K+3)=2
e−�((u−U )2+(v−V )2+(z−Z)2+�2)

where � is the macroscopic density, Z =1=(�− 1) corresponds to (2), and �=m=2kT with m
being the molecular mass, k the Boltzmann constant and T the macroscopic temperature. The
total number of degree of freedom K in � is equal to (5 − 3�)=(� − 1) + 1, and �2 denotes
�2 = �21 + �22 + : : :+ �2K . The relation between the mass �, the momentum �U; �V , the energy
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E and �Z with the distribution function is
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where
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(
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and d�=du dv dz d� is the volume element in the phase space with d�=d�1 : : : d�K . Since
the mass, the momentum and the energy are conservative during particle collisions, f and g
satisfy the conservation constraint,∫

(g − f) � d�=0; �=1; 2; 3; 4; 5 (5)

at any point in space and time.
For a local equilibrium state with f= g, the Euler equations can be obtained by taking the

moments of  to Equation (3), which leads to∫
 �(gt + ugx + vgy) d�=0

and the corresponding Euler equations coupled with (2) are
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where E= 1
2 �(U

2 + V 2 + (K + 2)=(2�)) and p=�=(2�) is the pressure.
On the other hand, to the �rst order of �, the Chapman–Enskog expansion gives f=

g− �(gt + ugx+ vgy) [4]. Taking the moments of  to the BGK equation (3) with this f, we
get, ∫

 (gt + ugx + vgy) d�= �
∫

 (gtt + 2ugxt + u2gxx + 2vgyt + 2uvgxy + v2gyy) d�
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from which the compressible Navier–Stokes equations with a dynamic viscous coe�cient
�= �p, coupled with (2), can be obtained,
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3. �-MODEL BGK FLOW SOLVER

In this section, we describe the algorithm formulation for the model derived in the last section
by applying the BGK scheme [2–4] and construct the �-model BGK scheme of second order.
In this paper, only a directional splitting �-model BGK scheme is presented. The �rst stage

is to reconstruct initial data which are needed in the following dynamical evolution stage. For
the second-order scheme, interpolation techniques are used to construct the subcell structure,
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here we employ the well-known and useful interpolation technique of limiters, in particular,
the Van Leer limiter is used in this paper. Denote by wj=(�j; �jUj; �jVj; �jZj; Ej) the cell
averaged conservative variables in cell j, by s+ = (wj+1 − wj)=�x and s−=(wj − wj−1)=�x
their di�erences between the neighbouring cells. The slope of w in cell j is constructed as,

L(s+; s−)= s(s+; s−)
|s+||s−|

|s+|+ |s−|
where s(s+; s−)= sign(s+)+ sign(s−). After reconstruction, the �ow variables are constructed
linearly in cell j,

�wj=wj + L(s+; s−)(x − xj)

The BGK scheme is basically to give a numerical Navier–stokes solution locally under the
above initial condition by capturing the time evolution of gas distribution function.
In the evolution stage, we utilize the explicit solution of the BGK model (3) in x direction.

The general solution f of (3) at a cell interface xj+1=2 and time t is given by

f(xj+1=2; t; u; v; z; �)=
1
�

∫ t

0
g(x′; t′; u; v; z; �)e−(t−t′)=� dt′ + e−t=�f0(xj+1=2 − ut) (6)

where x′= xj+1=2 − u(t − t′). For the sake of simplicity, xj+1=2 = 0 will be assumed in the
following text. The initial gas distribution function f0 is assumed to have the form,

f0 =

{
gl[1 + alx]; x60

gr[1 + arx]; x¿0
(7)

with gl, gr being the Maxwellian distributions at the left and right of a cell interface.
Equation (7) means that even with a discontinuity at the cell interface, the gas is assumed
to stay in an equilibrium state on both sides of discontinuity, see Reference [50] for more
discussions.
The equilibrium state g around (x=0; t=0) is assumed to be

g= g0[1 + (1− H (x)) �alx +H (x) �arx] + �At (8)

where H (x) is the Heaviside function de�ned by H (x)=0 for x¡0 and H (x)=1 for x¿0,
g0 is a local Maxiwillian distribution located at x=0. Notice that g is continuous but has
di�erent slopes on both sides of x=0.
In both f0 and g, al; ar ; �al; �ar ; �A are related to the derivatives of a Maxwellian in space

and time, and assumed to have the following form obtained from a Taylor expansion of a
Maxwellian:
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1
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By the reconstruction process described at the beginning of this section, we obtain the
distribution ��j(x); ��j

�Uj(x); ��j
�V j(x); ��j

�Z(x); �Ej(x), inside each cell xj−1=26x6xj+1=2. Thus, at
the cell interface xj+1=2, the left and right macroscopic states are
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Using (10) and recalling the de�nition of a Maxwellian distribution, the left and right
Maxwellian distributions gl, gr at xj+1=2 are given by

gl = �l
(
�l

�

)(Kj+3)=2

e−�l[(u−U l)2+(v−V l)2+(z−Z l)2+�2]
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(
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where Kj=2Zj − 2 and
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On the other hand, the relation between the gas distribution function f and the macroscopic
variables at xj+1=2 gives

∫
gl ̂ d�= ŵj(xj+1=2);

∫
glal ̂ d�= (ŵj(xj+1=2)− ŵj(xj))=�x− (12)

∫
gr  ̂ d�= ŵj+1(xj+1=2);

∫
grar  ̂ d�= (ŵj+1(xj+1)− ŵj+1(xj+1=2))=�x+ (13)
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where

 ̂ = (1; u; v; 12 (u
2 + v2)); ŵj(x)= ( ��j(x); ��j
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In the same manner, the coe�cient (ar1; a
r
2; a

r
3; a

r
4) can be obtained. So, in view of (7), f0 is

determined.
Once f0 is obtained, the corresponding values of �0; U0; V0; Z0; �0 in

g0 =�0

(
�0
�

)(K0+3)=2
e−�0[(u−U0)2+(v−V0)2+(z−Z0)2+�2]
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can be determined as follows, using (6) with t → 0 and the conservation constraint (5) at
(x= xj+1=2; t=0) as well as (7).∫

g0 d�=w0 =
∫
u¿0

∫
gl d� +

∫
u¡0

∫
gr d�

where K0 = (Kj�j+Kj+1�j+1)=(�j+�j+1). Therefore the conservative variables �0, �0U0, �0V0,
�0Z0, E0 at the cell interface can be obtained, and

�0 =
(K0 + 2)�0

4E0 − 2�0(U 2
0 + V 2

0 )

from which g0 is uniquely determined. Then, �al; �ar of g can be obtained by the relations,
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�l�x− = �M 0
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where

�M 0
�	=

1
�l

∫
g0 ̂ � ̂ 	 d�

have the same structure as M l
�	 only with �l; U l; V l and �l replaced by �0; U0; V0 and �0.

Up to the point, we have determined all the parameters in the initial gas distribution function
f0 and the equilibrium state g at the beginning of each time step t=0.
Inserting Equations (7) and (8) into (6) and recalling the de�nition of H (x), we obtain the

gas distribution function f at the cell interface,

f(xj+1=2; t; u; v; �) = (1− e−t=�)g0 + [�(−1 + e−t=�) + te−t=�]

×[ �alH (u) + �ar(1− H (u))]ug0

+ �
(
t
�

− 1 + e−t=�
)
�Ag0 + e−t=�(1− utal)H (u)gl

+e−t=�(1− utar)(1− H (u))gr

Copyright ? 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 46:163–182



172 S. JIANG AND G. NI

where the only unknown left is �A. To determine �A, we integrate the conservation constraint
equation (5) at xj+1=2 over the whole time step �t to deduce that

∫ �t

0

∫
(g − f) ̂ d�dt=0

which yields

�M 0
�	
�A	 =

1
�0

∫
{�1g0 + �2u[ �alH (u) + �ar(1− H (u))]g0

+�3[H (u)gl + (1− H (u))gr]

+�4u[alH (u)gl + ar(1− H (u))gr]} ̂ � d� (15)

where

�0 =�t − �(1− e−�t=�)

�1 =−(1− e−�t=�)=�0

�2 =
(−�t + 2�(1− e−�t=�)−�te−�t=�) =�0

�3 = (1− e−�t=�)=�0

�4 =
(
�te−�t=� − �(1− e−�t=�)

)
=�0

Since all moments of the Maxwellian on the right-hand side of (15) can be evaluated, Equation
(15) can be uniquely solved.
Finally, the time-dependent numerical �ux in the x direction across the cell interface is

given by




F�

F�u

F�v

F�z

FE



=

∫
u




1

u

v

z

1
2 (u

2 + v2 + �2)




f(xj+1=2; t; u; v; z; �) d�

Integrating the above equation to the whole time step, we can obtain the total mass, momentum
and energy transport. The above procedure can be repeated in the next time level.
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4. NUMERICAL EXAMPLES

In this section we present some numerical examples, which have been tested in the literature
by using di�erent schemes, to validate our algorithm for the numerical simulation of inviscid
�ows. For all the numerical examples in this section, the collision time � is de�ned as

�= 
�t +
|Pl − Pr|
Pl + Pr

�t

where �t is the CFL time step, and Pl; Pr are the corresponding pressure in the states gl; gr of
the initial gas distribution function f0. With the above collision time the numerical dissipation
will be reduced along with the mesh re�nement. In the �rst example we test our scheme in
one-space dimension.

Example 1
Sod’s Shock problem (see e.g. References [4, 40, 51]).
In this calculation, we take 
=0:54, the length of the numerical domain is equal to 400

and each cell size is �x=1, the initial condition is

WL = (�L =1; �LUL =0; EL =2:5; �L =1:4)

WR = (�R =1:25; �RUR =0; ER =0:5; �R =1:2)

the initial discontinuity is located at x=200. The simulation results are shown in Figures 1–3
at t=60 for the total density, pressure and �, respectively. Here we see that the total density,
pressure and � are generally in good agreement with the corresponding numerical results in
References [4, 40, 51].

Next, in the following four examples, we test our scheme for two-dimensional problems,
and we take all 
=0:5.

Example 2
Richtmyer–Meshkov instability (see e.g. References [29, 46]).
We consider a shock tube with meshes 480× 120, in a two-dimension domain, the initial

condition in the tube is composed of an interface separating two �uids of di�erent densities
and a shock wave approaching the interface. We take a single mode perturbation of an air–SF6
interface that the initial location of the interface is represented by

x= x0 − � cos(2�y)

where x0 = 120 is the location of the unperturbed interface, �=10 is the amplitude of the
perturbation. We take �=1:4; �=1:093 for air and SF6 respectively, and the density ratio
D=�SF6=�Air = 5:04 so as to maintain the constant pressure and temperature across the in-
terface. To trigger the instability, at x=110 there is a planar Mach 1.24 shock wave in air
propagating from the left to the right of the interface. Period boundaries on the top and bot-
tom and non-re�ecting boundaries on the left and right are considered. It is well-known that
this interface becomes unstable after the passage of a shock wave, irrespective of the side
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Figure 1. Total density distribution.
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Figure 2. Pressure distribution.

of heavy or light �uid that the shock is incident upon. The numerical results are shown in
Figures 4–6 where the contours of the density are given at three di�erent times.
From the �gures, the growth of the interface is easily observed. Moreover, it is easy to

�nd that comparing with the same numerical example in References [29, 46], good agreement
of the solutions is seen in the large-scale structure.

Example 3
A Mach 1.22 shock hits a R22 cylindrical bubble 1 (see e.g. Reference [23]).
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Figure 3. � distribution.

Figure 4. At time t = 40.

Figure 5. At time t=360.

We examine the interaction of a Mach 1.22 planar shock wave with a cylindrical helium
bubble. A schematic description of computational set-up can be found in Reference [42], the
initial �ow distribution is determined from the standard shock relation with the given strength
of the incident shock wave. We use a 480× 120 grid, the bubble is assumed to be in both
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Figure 6. At time t=560. The density distribution of the Richtmyer–Meshkov instability with a Mach
1.24 shock in the air and an air–SF6 interface.

Figure 7. At time t=30.

thermal and mechanical equilibrium with the surrounding air. The non-dimensionalized initial
conditions are

W = (�=1; U =0; V =0; P=1; �=1:4); pre-shock air

W = (�=1:3764; U =0:394; V =0; P=1:5698; �=1:4); post-shock air

W = (�=3:1538; U =0; V =0; P=1; �=1:249); R22

re�ection boundary conditions on the upper and lower boundaries are used. The results are
shown in Figures 7–9 where the contours of the density are given at three di�erent times.

Example 4
A Mach 1.22 shock hits a helium cylindrical bubble (see e.g. References [23, 31, 52]).
We consider the interaction of a Mach 1.22 planar shock wave with a cylindrical helium

bubble. We use a 480× 120 grid, the bubble is assumed to be in both thermal and mechanical
equilibrium with the surrounding air. The non-dimensionalized initial conditions are

W = (�=1; U =0; V =0; P=1; �=1:4); pre-shock air

W = (�=1:3764; U =0:394; V =0; P=1:5698; �=1:4); post-shock air

W = (�=0:1358; U =0; V =0; P=1; �=1:67); helium
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Figure 8. At time t=198.

Figure 9. At time t=350. The density distribution of a Mach 1.22 shock
hitting a R22 cylindrical bubble.

Figure 10. At time t=27.

Figure 11. At time t=115.

re�ection boundary conditions on the upper and lower boundaries are used. The results
are shown in Figures 10–12 where the contours of the density are given at three di�erent
times.
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Figure 12. At time t=175. The density distribution of a Mach 1.22 shock
hitting a helium cylindrical bubble.

Figure 13. At time t=4.

From Examples 3 and 4, it is easy to see that the simulated results here reproduce the
large-scale structure of the corresponding numerical results in References [23, 31, 52] and of
the experiments described in Reference [53].

Example 5
Kelvin–Helmholtz instability (see e.g. Reference [29]).
We examine the time evolution for the air–helium case. The gas below the interface is

helium. We use a 240× 480 grid, and the initial interface is located at
y=320− 30:0 cos(2�(x − 3)=240)

and the non-dimensionalized initial conditions are

W = (�=10; U = − 25; V =0:0; E=25 + 5× 252; �=1:4); air

W = (�=1:38; U =25; V =0:0; E=10=0:63 + 0:5× 1:38× 252; �=1:63); helium
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Figure 14. At time t=12.

Figure 15. At time t=28. The density distribution of the Kelvin–Helmholtz instability.

The simulated results are shown in Figures 13–15. From the �gures, a complex pattern of
the interface at later time is observed. Moreover, it is easy to �nd that comparing with the
numerical results given in Reference [54], good agreement of the solutions is seen in the
large-scale structure.
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5. CONCLUSION

In this paper we present a �-model BGK scheme for multimaterial �ows by incorporating the
�-model scheme in the gas kinetic BGK scheme. Several one- and two-dimensional numerical
experiments are carried out, and two-dimensional problem simulations are implemented by
applying the directional splitting technique. The numerical results validate the scheme, and
the scheme can easily be extended to three space dimensions by applying the technique of
directional splitting. A multidimensional �-model BGK solver, which is de�ned as a scheme
with inclusion of �ow gradients in both x and y directions [4], will be studied in a forthcoming
paper.

Remark
Recently, a second-order �-model BGK scheme for multimaterial compressible �ows has been
proposed by the authors of this paper [A second-order �-model BGK scheme for multimate-
rial compressible �ows (submitted)]. Numerical examples show that the second-order scheme
resolves interfaces better than the �rst-order one proposed in this paper.
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